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• Introducing 

Einstein’s Equations

(Harmonic gauge)

matter non-linearities

3/21



Einstein’s Equations
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Post-Newtonian source

• Slowly moving:                𝑣/𝑐 ≪ 1,  |𝑇0𝑖/𝑇00| ≪ 1

• Weakly stressed:             |𝑇𝑖𝑗/𝑇00| ≪ 1

• Weakly gravitating:         |𝑈/𝑐2| ≪ 1

• Isolated:

• Point particles (BBH)
5/21



Post-Newtonian source
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𝑑𝐸(𝑣)

𝑑𝑡
= −𝐹(𝑣)

𝑑𝑣

𝑑𝑡

Need ℎ𝜇𝜈(𝑣) to get 𝐸 and 𝐹



Post-Newtonian Expansion

Slowly moving, Weakly stressed, Weakly gravitating

• Isolated?                  Diverge as |𝐱′| → ∞

• Point particles?     Diverge as 𝐱′ = 𝐱1,2 7/21



• Isolated?                  Diverge as |𝐱′| → ∞ Diverge as |𝐱′| → 0

• Point particles?     Diverge as 𝐱′ = 𝐱1,2 (Hadamard regularization) 

Multipolar Post-Minkowskian Expansion

• Weak gravity:
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PN

MPM
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Matching
• Near zone:

• Exterior zone:

in

𝐌𝐮𝐥𝐭𝐢𝐩𝐨𝐥𝐞 𝐞𝐱𝐩𝐚𝐧𝐬𝐢𝐨𝐧 𝒉𝐢𝐧
𝝁𝝂

≡ 𝐏𝐍 𝐞𝐱𝐩𝐚𝐧𝐬𝐢𝐨𝐧(𝒉𝐞𝐱𝐭
𝝁𝝂

)

𝑈(𝑚)
𝜇𝜈

= 𝑈 𝑚
𝜇𝜈

𝜏𝜇𝜈 , x , 𝐴𝐿
𝜇𝜈

= 𝐴𝐿
𝜇𝜈

(𝑈 𝑚
𝜇𝜈

, 𝑡)

radiation-reaction 10/21



Effective Field Theory

• Doesn’t care about the detail about the short distance physics 
(near zone)

• No need for matching!

Radiation field Potential field

Particle 𝑥𝜇 Gravitional field ℎ𝜇𝜈

Or:
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Effective Field Theory: 1PN
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Effective Field Theory: 1PN

𝐺 𝐺2

𝐺𝑣2
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Effective Field Theory: 3PN

𝐺𝑣6

𝐺2𝑣4

𝐺3𝑣2

𝐺4
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Effective Field Theory: 4PN

• 3 @ 𝐺𝑣8

• 23 @ 𝐺2𝑣6

• 202 @ 𝐺3𝑣4

• 307 @ 𝐺4𝑣2

• 50 @ 𝐺5
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Jaranowski and Schafer 2012



PN               vs              NR
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• All parameters are gauge dependent

• Parameters are defined differently

𝑆𝛼𝛽 𝑥 = ර
𝜕Ω

𝑆𝛼𝛽𝜇𝑑Σ𝜇

(Spin supplementary condition)

: Apparent horizon

𝑀 = ර
𝜕Ω

𝑇00𝑛𝜇𝑑Σ𝜇



PN               vs              NR

• Different asymptotic gauge (BMS frame)

Impose boundary at                                         Determined by the Cauchy evolution

past null infinity                                                Fix gauge using CCE/CCM

• Both have intrinsic error

Expansion truncation error                           Numerical truncation error
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PN               vs              NR
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PN               vs              NR
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Careful about the parameters



Thank you!
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